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We study theb oundedness of singular Calderó n-Zygmund type operatorsi nt he spaces L p ( · ) (Ω,ρ) overa bounded open set in R n with thew eight ρ ( x )= Q m k =1 w k ( | x − x k | ) , x k ∈ Ω ,w here w k has thep roperty that r n p ( x k ) w k ( r ) ∈ Φ 0 n ,where Φ 0 n is acertainZygmund-type class. Theboundedness of thesingular Cauchy integral operator S Γ along aCarleson curve Γ is also considered in the spaces L p ( · ) (Γ,ρ) with similar weights. Theweight functions w k may oscillate between twopower functions with different exponents. It is assumed that theexponent p ( · ) satisfies theDini-Lipschitz condition. Thefinal statement on the boundedness is givenin termsofthe indexnumbersofthe functions w k (similar in asense to theBoydindices forthe Yo ung functions defining Orlicz spaces).
Introduction
Nowadays there is an evident increase of interest to harmonic analysis problems and operator theory in the generalized Lebesgue spaces with variable exponent p(x) and the corresponding Sobolev spaces, we refer, in particular to surveys [10] , [16] , [19] , [35] , and to [25] and [38] , for the basics on the spaces L p(·) . For the boundedness results of maximal operators we refer to [7] for bounded domains in R n , to [6] and [31] for unbounded domains, and to [23] for weighted boundedness on bounded domains.
We refer also to [5] and [8] where there are also given new insights into the problems of boundedness of singular and maximal operators in variable exponent spaces.
In [23] Recently, in [21] we proved the weighted boundedness of the maximal operator in the spaces L p(·) (Ω, ρ) for a certain class of non-power weights,
which are still "fixed" to a finite number of points x k ∈ Ω (radial type weights of the Zygmund-Bary-Stechkin class). The problem of more general weights remains open. An explicit description of weights for which the maximal operator is bounded in the spaces L p(·) is a challenging problem. The most progress in that direction was done in [8] .
Boundedness of singular operators with standard kernels in the spaces L p(·) (R n ) was proved in [11] and [12] . We refer also to [13] and [14] where the results from [11] and [12] were extended to Calderón-Zygmund singular operators related to the half space R n+1 + . Statements on weighted boundedness of Calderón-Zygmund type singular operators with power weights were given in [22] . We refer also for similar results for the Cauchy singular integral on Carleson curves obtained in [20] and [24] .
In this paper we prove a theorem on boundedness of Calderón-Zygmund type singular operators over bounded domains in R n with weight (1.1) basing ourselves on the weighted result for the maximal function obtained in [21] . A similar statement for the Cauchy singular operator on Carleson curves is also given.
The main results are given in Theorems 3.6, 3.7 and 4.3.
Notation Throughout the paper we denote by:
• B(x, r) = {y ∈ R n : |y − x| < r};
• |B(x, r)| the volume of B(x, r);
• C, c different positive constants;
• Ω an open set in R n ;
• |Ω| the Lebesgue measure of Ω;
• χ Ω the characteristic function of a set Ω;
• Φ γ 0 , as defined in Definition 2.4.
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On maximal function in weighted Lebesgue generalized spaces
Let Ω be an open set in R n , n ≥ 1, and let p(x) be a function on Ω with values in [1, ∞) . By
we denote the maximal operator. We write M = M R n in the case where Ω = R n . We use the following notation for classes of the exponents p(x) related to the boundedness of the maximal operator:
is the class of functions in P(Ω) for which the maximal operator is bounded in the space L p(·) (Ω). P log (Ω) will stand for the class of exponents p ∈ P(Ω) which satisfy the log-condition
As is known ( [7] ), P log (Ω) ⊂ P(Ω) in case of a bounded domain Ω. By L p(·) (Ω, ρ) we denote the weighted Banach space of all measurable functions f : Ω → C such that 
P r o o f. We follow the known arguments, see [9, p. 43] . We have 4) which is obtained by the Hölder inequality, and
Then by (2.4) and (2.5) we obtain
In [22] there was proved that when p ∈ P log (Ω) and Ω is bounded, the power weights
In [21] this was generalized to the case of oscillating weights of the form
where the weight functions w k (r) have the property that r
n is a certain ZygmundBari-Stechkin class. For weights of form (2.8), in [21] there was obtained a sufficient condition for such weights to belong to A p(·) (Ω). It was given in terms of the upper and lower indices m w k and M w k (of the type of the Boyd indices) of the weight functions w k (r); see definitions of the indices m w k and M w k in Subsection 2.3. Weights w in this class are almost increasing or almost decreasing and may oscillate between two power functions with different exponents and have non-coinciding upper and lower indices m w and M w . Namely, in [21] the following theorem was proved.
Theorem 2.2 Let Ω be a bounded open set in R n and p ∈ P log (Ω). The operator M is bounded in the space
Remark 2.3 Condition (2.9) may be replaced by w k ∈ W , where the class W is defined in (2.11), because condition (2.9) for w k ∈ W coincides with condition (2.10) according to statement (2.12) of Theorem 2.5. Note also that condition (2.9) is equivalent to the condition r
www.mn-journal.com
Examples of weights
Following [32] , we observe that besides the trivial examples of non-power weights
, the weight functions
where λ k is the same and α k ≥ 1, are also examples of weights admissible for Theorem 2.2. More generally, one may take w k (r) = r γ k (r) where γ k (r) satisfies the the Dini condition
The last example may be also generalized in the following way: if the weight function w k (r) fulfills the condition By this reason we introduce also the following class of functions, which may have negative indices m w and M w :
Let γ > 0. The following class Φ 0 γ was introduced and studied in [2] (with integer γ); there are also known "two-parametrical" classes Φ β γ , 0 ≤ β < γ < ∞, see [29] , [30] , [36, p. 253] and [37] . Observe that in [39] In the sequel we refer to the above conditions as Z 0 -and Z γ -conditions. The following statement is valid, see [32] and [34] 
The following properties are also valid
14) Therefore, as a corollary of (2.12) we have
Remark 2.7 Functions w ∈ Z γ , γ > 0, satisfy the doubling condition 18) which follows from the fact that the function
r µ is almost decreasing for every µ > M w according to (2.15) (observe that M w is finite since M ω < γ by Theorem 2.5).
Weighted boundedness of Calderón-Zygmund type singular operators
We consider Calderón-Zygmund type operators
We suppose that the kernel k(x, y) is standard in the well-known sense ( [4] , [15, p. 99] and [17] ), that is, satisfies the assumptions:
for all |x − z| ≤ 1 2 |x − y| with some A > 0 and δ > 0. It is known that any such operator, if bounded in L 2 (R n ), is also bounded in any space L p (R n ), 1 < p < ∞, p = constant, see [4] .
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[12, Theorem 4.8] on the boundedness of singular operators with standard kernels in the spaces L p(·) (R n ) runs as follows.
Theorem 3.1 Let k(x, y) be a standard kernel and let the operator T be of weak (1, 1)-type. If p ∈ P(R n ), then the operator T is bounded in the space
Theorem 3.1 was formulated in [11] and [12] under the assumption that p ∈ P(R n ) and that there exists an
From the later result p ∈ P(R n ) ⇐⇒ p ∈ P(R n ) (see [8, Theorem 8.1] ) and the simple fact that p ∈ P(R n ) =⇒ p s ∈ P(R n ) for s ∈ (0, 1), see (2.6), it follows that it suffices to assume only that p ∈ P(R n ) . With reference to the known results for unbounded domains in [6] we have also the following corollary.
Corollary 3.2 Let k(x, y) be a standard kernel. The Calderón-Zygmund-type singular operator
T Ω f (x) = lim ε→0 y∈Ω:|y−x|>ε k(x, y)f (y) dy (3.4) of weak (1, 1)-type in Ω, is bounded in the space L p(·) (Ω), if p is in P log ,
when Ω is bounded, and satisfies also the condition
when Ω is unbounded. We give a weighted version of Theorem 3.1 in Subsection 3.2, see Theorem 3.6 and then make use of that weighted version in the case of Bary-Stechkin-Zygmund type weights in Subsection 3.3.
Let
be the sharp maximal function, where
We write M # = M # R n in the case where Ω = R n . Similarly to [12] , in the proof of Theorem 3.6 in Subsection 3.2 will follow the known approach based on the following statement. 
The following statement holds (see [11, Lemma 3.5] ).
Theorem 3.4 Let p ∈ P(R
with a constant c > 0 not depending on f . 
with a constant c > 0 not depending on f .
Making use of the Hölder inequality for
L p(·) , we derive f w L p(·) (R n ) ≤ c sup g L p (·) ≤1 wM # f L p(·) (R n ) w −1 M(wg) L p (·) (R n ) . The operator w −1 Mw is bounded in the space L p (·) (R n ) by assumption. Therefore, f w L p(·) (R n ) ≤ c 1 sup g L p (·) ≤1 wM # f L p(·) g L p (·) (R n ) ≤ c 1 wM # f L p(·) (R n ) .
A general statement
Theorem 3.6 Let p ∈ P(R n ) and let the weight function ρ satisfy the assumptions
iii) there exists an s ∈ (0, 1) such that
Then a singular operator T with a standard kernel k(x, y) and of weak (1, 1)-type is bounded in the space
, the application of Theorem 3.5 being possible by assumption iii) of the theorem. Then by (2.5), Theorem 3.3 and
To complete the proof of the theorem, it remains to observe that [22] this denseness was proved under assumption i) and the condition
, but the latter follows from the assumption ρ ∈ A p(·) (R n ) in ii)).
The case of Bary-Stechkin-Zygmund type weights
From Theorem 3.6 we derive the following statement. Theorem 3.7 Let Ω be a bounded open set in R n and let p ∈ P log (Ω). A singular operator T Ω with a standard kernel k(x, y) and bounded from
where
P r o o f. To apply Theorem 3.6, we make an extensioñ
outside Ω as p * (x) with preservation of the log-condition in R n and either constant at infinity, or satisfying condition (3.5) so that p * ∈ P(R n ). This is always possible, as is known. We also extend the weight ρ(x) to be constant outside some big ball:
We have
To apply Theorem 3.6 to the right-hand side, we have to check that assumptions i)-iii) of that theorem are satisfied in the case of weight function (3.13) with conditions (3.11) and (3.12) . Assumption i) is obviously satisfied, since the set {x ∈ R n : ρ(x) = 0 or ρ(x) = ∞} is just the finite set of points x 1 , x 2 , . . . , x m . Let us check condition ii). We have
The first term here is covered by Theorem 2.2, while the second term does not involve weight and is bounded by the well-known Diening-Cruz-Uribe-Fiorenza-Neugebauer non-weighted result, since p * satisfies the required conditions. Therefore, ρ ∈ A p(·) (R n ).
To check that,
, it suffices to verify conditions (2.9) and (2.10) for 1 e ρ with respect to p . According to Remark 2.3 and by assumption (3.13), we only have to verify condition (2.10):
which coincides with the same condition (3.12) in view of (2.16).
It remains to verify condition iii) of Theorem 3.6. Again, it suffices to check condition (2.10) for . After easy calculation with the formulas m sω = sm ω and (2.16) taken into account, it turns to be
which is automatically satisfied for any 0 < s ≤ 1 in view of (2.10), since 
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Let Γ = {t ∈ C : t = t(s), 0 ≤ s ≤ ≤ ∞} be a simple rectifiable curve with arc-length measure ν(t) = s. We denote
where B(t, r) = {z ∈ C : |z − t| < r} and for brevity write
We assume that Γ is a Carleson curve, that is, there exists a constant c 0 > 0 not depending on t and r, such that
As usual, p : Γ → (1, ∞) is a measurable function on Γ with
In the case where Γ is an infinite curve, Theorem 4.1 below uses also the condition
for some L > 0.
Similarly to the euclidean case we define L p(·) (Γ, w) as the Banach space of measurable functions f :
We consider the weighted boundedness of the singular operator
along a Carleson curve Γ.
In [20] and [24] the following Theorem 4.1 was proved taking 8) in the case of finite curve, and the weights 9) in the case of infinite curve. 
, k = 1, . . . , n, (4.10) and also
in the case when Γ is infinite.
The case of Bary-Stechkin-Zygmund type weights
Let now 
, k = 1, 2, . . . , m. (4.15)
The statement of this theorem for power weights w(|t − t k |) = |t − t k | α k when m w k = M w k = α k was given in [24] . The proof of Theorem 4.2 for non-power weights is similar to the euclidean case of Theorem 2.2, so we do not dwell on it. 
